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We fix a prime p. It is a conjecture of Serre, cf. [S], that every odd,
continuous, irreducible representation
\ : GQ  GL2(F p)
is modular.
As notation, for a number field F, we denote by GF its absolute Galois
group. We fix embeddings @ : Q /C and @p : Q /Q p , and denote by p the
place above p fixed by @p . If S is a finite set of places of F, we denote
by GF, S the Galois group Gal(FSF ), where FS is the maximal algebraic
extension of F in C which is unramified outside S. We will always assume
that S includes all the places of F above p and also all the infinite places
of F. For any finite extension M of F, we denote by MS the maximal algebraic
extension of M in C which is unramified outside the places of M above
those in S, and denote by GM, S the Galois group Gal(MSM).
We point out a preliminary implication of Serre’s conjecture of which
nothing, as yet, seems to be known. Let \ be a representation of GQ , S as
above which is odd, continuous, and irreducible for some fixed finite set S.
We say that such a representation is of Serre type. It is not known if such
a \ has a p-adic lift, i.e., if there exists a finite extension K of Qp , inside Q p ,
such that there is a continuous representation
\~ : GQ , S  GL2(OK)
whose reduction modulo the maximal ideal pK of the ring of integers OK of
K, is isomorphic to \. If such is the case, we will say that \ has a lift to
GL2(K). The existence of such a lift, for some K, is certainly implied by
the conjectures in [S]. As we are fixing the set S, in order to see this
implication, we need the refinements of the basic conjecture in [S], stated
at the beginning of the note. These refinements are stated in [S], and now
proven to be implied by the basic conjecture, by the work of Ribet et al.
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MOD p2 LIFTINGS
In the theorem below we prove the existence of a ‘‘mod p2 lifting.’’ First
we note the following easy lemma and its corollary which are used crucially
below.
Lemma. Suppose we have the following exact sequence of groups,
0  A  E  H  0,
where A is assumed to be abelian. For any group G, given a homomorphism
: : G  H of groups, we say that : lifts to a homomorphism :~ : G  E, if the
composition of :~ with the map E  H in the exact sequence above, yields :.
With this terminology, a given homomorphism : : G  H lifts to a homo-
morphism :~ : G  E if and only if a certain element #: of H2(G, A) vanishes.
Remarks. 1. In the above lemma, in considering the cohomology
group H2(G, A), we regard G as acting on A via the homomorphism :, and
H as acting on A by conjugation via the exact sequence above.
(2) The element #: of the lemma can be made precise as follows. We
define { : G_G  A by {(g1 , g2)=:$(g1 g2) :$(g2)&1 :(g1)&1 where for any
g # G, :$(g) is an arbitrary lifting of :(g) to E via the exact sequence above.
We regard {(g1 , g2) as an element of A via the exact sequence above. We
may check easily that { is a 2 co-cycle, and that its class in H2(G, A) is
independent of the choice of the set-theoretic lifting :$. We define the
element #: of H2(G, A) to be the class of {.
Proof of Lemma. The proof is a standard exercise in Galois cohomology
which we omit.
We note the following corollary which is useful to us.
Corollary. Let \ : GF, S  GL2(OKpn&1K ) be a continuous representation,
where K is a finite extension of Qp as before, n is an integer 2, F is a number
field, and S is a finite set of places of F. Suppose that N is an extension of F,
of degree prime to p, contained in FS . Then the restriction \N of \ to GN, S
has a lifting \~ N : GN, S  GL2(OKpnK) if and only if \ has a lifting
\~ : GF, S  GL2(OKpnK).
Remark. Note that we are considering representations in terms of
matrices. Thus there is no subtlety in the reduction process even if \F is not
irreducible.
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Proof. This follows from the lemma on noting the following two facts:
1. We have the exact sequence of groups:
0  M2(FK)  GL2(OKpnK)  GL2(OKp
n&1
K )  0
for n an integer 2, and where M2(FK) is the additive group of 2_2
matrices over FK , the residue field of K.
2. A cohomology class with mod p coefficients vanishes if and only if
its restriction to a subgroup of index prime to p vanishes.
We now prove a proposition which is the key technical result in the
proofs of Theorems 1 and 2 below. As notation, we denote by F a finite
field of characteristic p, and by R the Witt ring of F. To reiterate the
notation set up at the beginning of this note, F is a finite extension of Q,
and S is a finite set of places of F containing all the places above p and all
the infinite places of F.
Proposition. Suppose \ : GF, S  GL2(F) is a continuous representation
whose image lies in the standard unipotent subgroup of GL2(F), i.e., the
image is contained in matrices of the form
\10
V
1 + .
We assume that F contains the p th roots of unity. Then there exists a finite
set of places S$ of F, containing the set S, and a continuous representation
\~ : GF, S$  GL2(R), taking values in the upper triangular matrices in
GL2(R), with the following two properties:
1. The mod p reduction of \~ is equal to \, where we regard the latter
as a representation of GF, S$ by inflation.
2. If V is a free 2-dimensional R-module which affords \~ , then V has
a free 1-dimensional R-submodule, V$, on which GF, S$ acts by the p-adic
cyclotomic character, and such that GF, S$ acts trivially on VV$.
Proof. Let us denote the image of \ by H. Under the assumption that
F contains the pth roots of unity, Kummer theory implies that the
representation \ is associated to extracting the pth roots of elements
z1 , ..., zn of F*, n being the integer with |H|= pn. Namely, H is the product
of n cyclic groups Hi , i=1, ..., n, each of order p. Let Hi be generated by
the unipotent matrix
\10
:i
1 +
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for :i an element of F. Denote by M the fixed field of the kernel of \. Thus
M is a finite extension of F contained in FS . Let Mi be the subfield of M
such that Gal(MiF ) maps isomorphically to Hi , under the homo-
morphism Gal(MF )  H  Hi induced by \. We assume, up to reordering
z1 , ..., zn if necessary, that Mi is obtained from F by adjoining a p th root
of the element zi of F*. We denote this p th root of zi by yi . For each
integer m1 we fix a generator ‘pm of the pm th roots of unity in F *. We
require of the ‘pm ’s the compatibility property that ‘ pp m=‘p m & 1 . We also fix
a generator _i of Gi :=Gal(Mi F ) which maps to the matrix above under
\. Denote by \i the isomorphism of Gal(MiF ) to Hi induced by \. Then
\i is obtained in the following way. Consider the representation Gi  Zp
given by _i [ xi , where xi satisfies _i ( yi)=‘xip yi . Compose this with the
isomorphism of Zp with the unipotent subgroup of GL2(Fp), which sends
t to
\10
t
1+ .
Then conjugate the image, regarded as a subgroup of GL2(F), by the
matrix
\:$i0
0
1+ ,
where :$i=:ix&1i . We see that the resulting homomorphism Gi  Hi is the
same as \i .
Let S$ be any finite set of places of F which contains S and the finitely
many places at which the elements zi , i=1, ..., n, of F* above are non-units.
Then we claim that we can construct a system of representations \~ m :
GF, S$  GL2(R( pm)), for each m1, taking values in the upper triangular
matrices in GL2(R( pm)), with the following two properties:
1. For each m2, the reduction mod pm&1 of \~ is \~ m&1. This
property may be referred to by saying that the system of representations
[\~ m] is coherent.
2. For each m1, the reduction mod p of \~ m is \.
We justify this claim. We begin by making a coherent choice of pm th
roots yi, m if zi , i.e., we demand that yi, 1= yi and that y pi, m= yi, m&1 for
m>1. Note that if we adjoin yi, m to F we get a subfield of FS$ . For each
i, between 1 and n, we construct \~ mi : GF, S$  GL2(R( p
m)), which is the
‘‘pm th Kummer representation associated to zi ’’. Namely, send an element
_ # GF, S$ , to
\x_, m0
wi, _, m
1 + ,
390 CHANDRASHEKHAR KHARE
File: 641J 209305 . By:DS . Date:02:04:97 . Time:13:23 LOP8M. V8.0. Page 01:01
Codes: 2922 Signs: 1956 . Length: 45 pic 0 pts, 190 mm
where the elements x_, m , wi, _, m # Z( pm) (note that Z( pm) embeds into
R( pm)) are such that _(‘pm)=‘x_, mpm and _( yi, m)=‘
w i, _, m
p m yi, m . This is easily
checked to be a homomorphism. Further, by construction, \~ mi takes values
in the upper triangular matrices in GL2(Rpm). We choose the canonical
(Teichmuller) lifting :~ $i # R of :$i . If we conjugate \~ mi by the mod p
m
reduction of the matrix
\:~ $i0
0
1+ ,
we may ensure that the mod p reduction of \~ mi , which factors through Gi
for each m1, induces the same homomorphism Gi  Hi as \i . We
see further, by inspection, that the \~ mi ’s form a coherent system of
representations.
Now, look at the representation \~ m : GF, S$  GL2(R( pm)) given by
sending an element _ to
\x_, m0
ni=1 :~ $iwi, _, m
1 + .
Here, in a mild abuse of notation, we are denoting :~ $i , and its reduction
mod pm, by the same symbol. We see that the system of representations
[\~ m], m1, is coherent, and the reduction mod p of \~ m is \. This justifies
the claim, and also proves the first part of the proposition, as the coherent
system [\~ m] gives rise to a representation \~ : GF, S$  GL2(R), taking values
in the upper triangular matrices of GL2(R), and which mod p reduces to
give \. The second part follows immediately from the construction of the
coherent system [\~ m] detailed above.
We come now to the main result of the note, which may be viewed as
the first step towards a p-adic lifting of mod p representations. We continue
with the notation set up before the proposition.
Theorem 1. Suppose \ : GF, S  GL2(F p) is an irreducible, continuous
representation which takes values in GL2(F), with F a finite extension of Fp .
Then, denoting by R the Witt ring of F, there is a finite set S$ of places of
F, containing the set S, and a representation \~ : GF, S$  GL2(R( p2)), which
reduces to \ mod p.
Proof. Denote the image of \ in GL2(F) by G. Note that the unipotent
subgroup of the latter given by matrices of the form
\10
V
1 +
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is a Sylow p-subgroup of GL2(F). Using Sylow theory, we see that a
conjugate of a Sylow p-subgroup of G, by an element of GL2(F), is
contained in this group of unipotent matrices. Thus we may, and will,
assume that a p-Sylow subgroup of G is contained in the subgroup of
unipotent matrices as above. We denote this Sylow p-subgroup of G by H.
Consider the restriction of \ to the subgroup GF (+p), S$ , for S$ some finite
set of places of F containing S, and denote it by \$. By the corollary above,
\ lifts to GL2(R( p2)) if and only if \$ lifts to GL2(R( p2)). This follows
from the corollary, as F (+p) is an extension of F of degree prime to p.
Denote by H$ the subgroup of GF (+ p), S$ given by the inverse image of H
under the homomorphism \$ :=\|G F(+p) , S$ : GF (+ p), S$  G. Then, in turn,
\$ lifts to GL2(R( p2)) if and only if its restriction \" to H$, lifts to
GL2(R( p2)). This, again, follows from the corollary because, denoting the
fixed field of H$ by L, it is a finite extension of F (+p) of degree prime
to p. But \": GL, S$  GL2(F) takes values in the standard unipotent sub-
group of GL2(F) and, further, L contains the p th roots of unity by con-
struction. Thus, by the proposition, we see that \" lifts to GL2(R( p2)) if
we assume that S$ is a large enough finite set of places, in the sense
required in the proposition. This finishes the proof of the theorem.
Remarks 1. The simple minded approach of the proof above is unlikely
to yield, with any directness, ‘‘higher liftings’’ of \. One obstacle is that the
p-Sylow subgroups of GL2(Zpn) for n>1 are more complicated, and in
particular non-abelian. Another obstacle is that the question of the
‘‘rationality’’ of a p-adic lifting, even if one exists, is subtle. In the first step
that we have taken here, this subtlety does not show up as the minimal
extension of Qp worksi.e., with the notation of the theorem, \ lifts to
GL2(R( p2)), with R the ring of Witt vectors of F.
2. Serre, in an e-mail message to us, has remarked that the method
used in the proof of the theorem above can be used to show, for instance,
that the class of the extension GL2(Zp2)  GL2(Zp) is ‘‘negligible,’’ in the
language of [S1]. Concretely, this means that the class x # H2(GL2(Fp),
M2(Fp)) which this extension gives rise to, is such that, for any field k,
denoting by ks a separable algebraic closure of k and by 1 the absolute
Galois group Gal(ksk), any continuous homomorphism , : 1  GL2(Fp)
has the property that the pull-back ,*(x) of x to H2(1, M2(Fp)) is trivial.
He also informs us that he has determined all the negligible cohomology
classes for groups of order p in cohomologies of all degrees. The result is
stated in the resume of a course given by him in Colle ge de France,
19931994. He has also remarked that, in contrast to what we have proved
in the theorem, the degree 2 class of the extension GL2(Zp3)  GL2(Zp2)
is not negligible.
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3. The method of proof forces us to enlarge the ramification set S as
the zi ’s need not be units at places outside S. Thus if L has class number
greater than 1, we may not be able to modify the zi ’s appropriately to be
units outside S.
REDUCIBLE REPRESENTATIONS
As a complement to the theorem above, we would like to consider
the question of lifting a reducible representation \ : GF, S  GL2(Fp) to a
representation \~ : GF, S  GL2(OK). Here, as usual, OK is the ring of integers
of a suitable finite extension K of Qp , and by \$ being a lifting of \ we
simply mean that on reducing \~ mod pK , in the matricial form that we are
given, we obtain the representation \. Here, F is a number field, and S is
a finite set of places of F with the usual conventions of this note. We
answer this question by proving the following theoremwhich may well be
known to expertswhose proof uses exactly the same set of ideas as the
proof of the above proposition.
Theorem 2. A continuous, reducible representation \ : GF, S  GL2(F p)
which takes values in GL2(F), for F a finite extension of Fp , always has a
lifting to \~ : GF, S$  GL2(R), where R is the Witt ring of F, and S$ is a finite
set of places of F which contains S.
Proof. The reducible representation \ is afforded by a F[GF, S]-module,
which we denote by V . It corresponds to an extension of a F[GF, S]-module
of dimension 1, say L, by another F[GF, S]-module of dimension 1, say L$.
Twisting L by a suitable F*-valued character of GF, S makes it the trivial
module. Thus, as abelian characters of GF, S with values in F* lift to abelian
characters with values in R*, we may, and will, assume that L is the trivial
module. The action of GF, S on L$ corresponds to a character  of GF, S .
The F[GF, S]-module V , which corresponds to the GF, S representation \,
gives rise to a class : in H1(GF, S , L$). We consider now the free one-
dimensional R-module, which we denote by L$, on which the action of
GF, S , which commutes with the R-action, is given by /|&1. Here, / is the
p-adic cyclotomic character, | is the Teichmuller character, and  is the
unique p-adic lifting of  to R* which has the same order as  . Note that
the reduction of L$ mod p is L$. In fact, we have the following exact
sequence of Galois modules,
0  L$  L$  L$  0,
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where the map from L$ to L$ is given by multiplication by p. This gives rise
to a long exact sequence of which the part relevant to us is
H1(GF, S , L$)  H 1(GF, S , L$)  H 2(GF, S , L$)[ p]  0. (V)
To prove the theorem, we have to show that, for some finite S$ of places
of F which contains S, the cohomology class :, regarded as an element of
H2(GF, S$ , L$) by inflation, maps to 0 in H 2(GF, S$ , L$)[ p], where we
consider the analogous exact sequence as (V) above made with GF, S$ . We
denote the image of : in H2(GF, S$ , L$)[ p], which we want to prove to
be 0, by :$.
We pass to the field N, which is the compositum of the fixed field of the
kernel of the GF, S -action on L$ (i.e., the fixed field of the kernel of the
character  ) and the field Q(+p). We note that the degree of N over F is
prime to p.
We claim that the restriction of :$ to GN, S$ is 0, for S$ large enough. We
will specify the meaning of large enough a little later. Equivalently, we have
to prove that the restriction of : to GN, S$ is in the image of the map
H1(GN, S$ , L$)  H1(GN, S$ , L$).
(Here we are again mildly abusing notation by denoting the restriction
of the modules L$ and L$ to R[GN, S$] by the same symbols. The map
H1(GN, S$ , L$)  H1(GN, S$ , L$) arises from an analogous exact sequence to
( V ) above, made with the Galois group GN, S$ rather than GF, S .)
We justify the claim in the equivalent form noted above. Note that the
restriction of \ to GN, S$ takes values in the standard unipotent subgroup
of GL2(F). Then part 2 of the proposition ensures that the restriction of V
to GN, S$ lifts to a R[GN, S$]-module V, which is an extension of the free
rank one R-module with trivial GN, S$ action, by the restriction of L$ to
R[GN, S$]. Here S$ being large enough derives meaning from the proof of
the proposition. That is to say, S$ can be any set of places of F containing
S and the places of F below those of N at which the finitely many elements
cutting out the Kummer extension of N, given by the fixed field of the
kernel of \ restricted to GN , are non-units (the reader may consult the
proof of the proposition above for more details on this).
This shows that the restriction of :$ to GN, S$ is 0. Now we note two facts:
1. The restriction maps on cohomology, coming from the inclusion
of GN, S$ /GF, S$ , commute with the maps of the exact sequences of the
form ( V ) above, made with GF, S$ and GN, S$ respectively.
2. The index of GN, S$ in GF, S$ is prime to p.
This finishes the proof of the theorem.
394 CHANDRASHEKHAR KHARE
File: 641J 209309 . By:DS . Date:02:04:97 . Time:13:24 LOP8M. V8.0. Page 01:01
Codes: 2898 Signs: 2267 . Length: 45 pic 0 pts, 190 mm
SOME SPECULATION
We would like to end this note with some speculation which motivated
the present note. It seems to be an interesting problem to prove the
relationship between Serre’s conjecture and base change. We will assume
for this section the panoply of the Langlands programme.
Start from a mod p of Serre type as above. Suppose that its restriction
to GF is irreducible and modular for a number field F. Here, by the
restriction of \ to GF being modular, we mean that it arises by reduction
mod p, of the p-adic representation conjecturally associated to an auto-
morphic form for GL2(AF) of ‘‘arithmetic type.’’ Then can one deduce that
\ itself is modular? This would open up the conjecture in [S] as, assuming
that the image of \ contains SL2(F) for some finite field F of characteristic
p (which is the crucial case), we could choose F so that \ |GF is dihedral,
and hence known to be modular from the work of Hecke. The conjecture
in [S] leads to the following principle, which we leave in a vague form as
the reader can easily make it precise for herself and, in any case, we have
no results towards it at the moment.
An automorphic form for GL2(AF) which mod p looks like a base
change form is congruent to a base change form mod p.
One may think of similar issues in the optic of lifting mod p Galois
representations p-adically. It may be worth remarking, that in the proof
of the above theorems, the technique of base changewhich in the context
of Galois representations is just the innocuous move of restricting a
representation to a subgroupis present tenuously.
ACKNOWLEDGMENTS
It is my pleasure to thank Dipendra Prasad, Ken Ribet, J.-P. Serre, and Richard Taylor for
helpful correspondence. Especially I thank Ken Ribet for suggestions (and corrections) toward
the improvement of the manuscript and J.-P. Serre for his encouragement and helpful
remarks. I also thank the referee for usefully suggestions and for pushing me to improve the
presentation of the results of the note.
REFERENCES
[S] J.-P. Serre, Sur les repre sentations modulaires de degre 2 de Gal(Q Q), Duke Math. J.
54 (1987), 179230.
[S1] J.-P. Serre, ‘‘Cohomologie Galoisienne,’’ Lecture Notes in Math., Vol. 5, Springer-
Verlag, Berlin, 1994.
395BASE CHANGE, LIFTING, AND SERRE’S CONJECTURE
